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Abstract
Using a recently developed variational theory for the spin split subbands, we investigate the relative strength of the
Rashba and Dresselhaus spin orbit terms in GaAs/GaAlAs heterojunctions. The envelope function formalism is em-
ployed using the 8-band k · p Kane model for the bulk, and the Rashba split subbands are obtained with spin-dependent
trial functions. The total spin splitting is then calculated analytically by including also the bulk Dresselhaus contribu-
tion via quasi-degenerate ﬁrst order perturbation theory. The total spin-orbit splitting at the Fermi energy of the two
dimensional electron gas (2DEG) is calculated as a function of the direction of the Fermi wave-vector. The obtained
total spin-orbit splittings along [11] and [11¯] in-plane directions are shown to be in good agreement with recent exper-
iments. The well known ratio α/β between the Rashba and Dresselhaus contributions is a fundamental parameter in
diﬀerent proposals for new semiconductor spintronic devices. Due to barrier penetration and the corresponding spin
dependent boundary conditions, the total spin-orbit anisotropy calculated here is shown to be in general determined
by more then one parameter, and thus the above ratio should not be estimated using the common α and β =< γk2z >
expressions.
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1. Introduction
Diﬀerent electronic devices have been developed thanks to the detailed knowledge of the electronic structure of
semiconductor nanostructures. For new spintronic devices, in particular, the anisotropy of the spin-orbit interaction
is attracting a lot of interest. As ﬁrst discussed in ref. [1], there is a special anisotropy in the spin-orbit splitting of
two-dimensional electron gases (2DEGs) formed at III-V semiconductor heterojunctions, which is due to the interplay
between the two main contributions, namely Rashba and Dresselhaus. Instead of the four-fold rotational symmetry
of the splitting in symmetric quantum wells (pure Dresselhaus) [2], the splitting in heterojunction triangular wells
present a reduced two-fold rotational symmetry with respect to the direction of the electron wave-vector in the plane
k‖, as ﬁrst observed by Jusserand et al. [3] with Raman spectroscopy.
It is a special anisotropy because it can be tuned with the gate voltage. In particular, there is the possibility to
make the splitting very small or negligible for electrons moving along a given direction, with drastic consequences
Available online at www.sciencedirect.com
© 2012 Published by Elsevier B.V. Selection and/or peer-review under responsibility of Universidade  Federal de 
Juiz de Fora, Brazil. Open access under CC BY-NC-ND license.
Open access under CC BY-NC-ND license.
96   M. A. Toloza Sandoval et al. /  Physics Procedia  28 ( 2012 )  95 – 98 
for the spin relaxation and coherence times. In the linear (in k‖) and inﬁnite barrier approximation, this corresponds
to Rashba and Dresselhaus interaction terms with the same strength. The anisotropy in this case is determined by a
single parameter α/β, given by the ratio between the two contributions; α being the Rashba coupling parameter and
β = γ < k2z > , γ being the bulk Dresselhaus or k
3 parameter and < k2z > the average momentum squared along
the growth direction. However, as we show here, it is in general not possible to separate the two contributions, and
such ratio becomes ill deﬁned. Indeed diﬀerent and recent attempts to measure α/β ﬁnd very poor agreement with
the theory [4]. Good agreement with recent experiments is obtained here using the total spin-orbit splittings along
[11] and [11¯] in-plane directions, from which eﬀective α∗ and β∗ can be deduced. For this purpose, a variational
solution of the eﬀective Hamiltonian for the envelope function is used and the Dresselhaus spin-orbit term included
via ﬁrst-order quasi-degenerate perturbation theory [2]. The total spin-orbit splitting at the Fermi level is calculated
as a function of the 2DEG carrier concentration and Fermi wave-vector direction, and its anisotropy studied with
diﬀerent approximations. We compare our results with recent experimental data for the total splitting along diﬀerent
directions in GaAs/AlGaAs heterojunctions obtained with spin-dependent photo current (SPC) [4] and electron spin
resonance (ESR) [5] techniques .
2. Model
Our calculation is based on a recently proposed spin resolved variational solution for the Rashba split electronic
subbands in III-V heterojunctions [6, 7]. In the envelope function approximation, the Rashba split subbands corre-
spond to the eigen-states of
HR|Ψ↑↓〉 = εR↑↓(k‖)|Ψ↑↓〉. (1)
where HR is the eﬀective Hamiltonian (derived from the 8x8 Kane model) which includes barrier penetration eﬀects,
renormalized parameters and band nonparabolicity [6, 7]. We take these spin resolved envelope functions Ψ↑↓, for
polarized electrons in the ﬁrst conduction subband, as our pair of quasi-degenerate unperturbed states. They are
obtained variationally with the following trial functions:
Ψ↑↓(z) =
{
A↑↓ekbz/2 , z ≤ 0
B↑↓(z + c↑↓)e−bz/2 , z ≥ 0 (2)
where kb = 2
√
2m¯v0/2 (m¯ being the renormalized eﬀective mass in the barrier and v0 the conduction band-oﬀset)
and b is the variational parameter determined by minimizing the 2DEG total energy. The details of the calculations of
A↑↓, B↑↓, c↑↓ and εR↑↓(k‖) are presented in Ref.[7]. With the resulting spin splitting ΔR, the Rashba parameter α is then
determined from:
ΔR(k‖) = |εR↑ (k‖) − εR↓ (k‖)| = 2αk‖. (3)
The Dresselhaus spin-orbit term,
HD = γ[σxkx(k2y − k2z ) + σyky(k2z − k2x) + σzkz(k2x − k2y )] (4)
is then included via quasi-degenerate ﬁrst order perturbation theory. The matrix elements 〈Ψ↑↓|HD|Ψ↑↓〉 can be easily
calculated (recall though that γ is then allowed to vary along z and it is then necessary to symmetrize the corresponding
integrals [2]). The obtained splitting, after diagonalization, is given by:
Δs(k‖, θ) =
√
[ΔR(k‖) − (〈γ(z)k2z 〉↑↑ + 〈γ(z)k2z 〉↓↓)k‖sin2θ +
1
2
(〈γ(z)〉↑↑ + 〈γ(z)〉↓↓)k3‖ sin2θ]2 + 4〈γ(z)k2z 〉2↑↓k2‖ cos22θ
(5)
where 〈γ(z)〉↑↑ = 〈Ψ↑|γ(z)|Ψ↑〉, 〈γ(z)k2z 〉↑↑ = 〈Ψ↑|(−id/dz)γ(z)(−id/dz)|Ψ↑〉 and so on. It is clear that the anisotropy
in such splitting can not be determined with a single parameter. It is easy to show that in the limit of inﬁnite barrier
the above splitting reduces to Δs = 2k‖
√
α2 + β2 − 2αβsin(2θ) (in the linear approximation), with the anisotropy
determined by α/β. Note that in this limit, 〈γ(z)k2z 〉↑↑ = 〈γ(z)k2z 〉↑↓ = 〈γ(z)k2z 〉↓↓ = β. However, with barrier penetration
these matrix elements present small diﬀerences and even with an averaged β it is clear that α/β does not give in general
a good measure of the anisotropy, which must then be studied with the direct ratio between the total splitting along
diﬀerent directions.
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Figure 1: (color online). Total spin-splitting (divided by k f ) calculated at the Fermi level of a ns = 1.1 × 1011 cm−2 GaAs/AlGaAs 2DEG. Angle
zero corresponds to the [10] in plane direction. The cases v0 = 269 meV (red line) and v0 = 318 meV (blue line) show the dependence with the
band-oﬀset. The linear Dresselhaus approximation (dotted line), the perfect insulating barrier case (dash line) and the ESR data of ref. [5] are also
shown. We used the value 23.6 eV Å3 for the Dresselhaus spin-orbit coupling parameter in the GaAs [8], and the value 19.7 eV Å3 obtained from
an simple linear interpolation for such parameter in the AlGaAs.
Table 1: Comparison with experiment. Note that α∗/β∗ sands for the ratio between the eﬀective coupling parameters, derived from the total splitting
along [11¯] and [11] in-plane directions, as given by Eq.(6).
Experiment Theory
Heterostructure Ref. Techn. ns (1011cm−2) α∗/β∗ α∗/β∗ α/β
Al0.3Ga0.7As/GaAs [5] ESR 1.1 ∼ 1 1.3 0.49
[4] SPC 1.1 7.6 1.3 0.49
[4] SPC 1.3 2.8 1.2 0.52
[4] SPC 1.8 1.5 1.1 0.59
3. Results
The system here considered is a GaAs/AlGaAs heterojunction with varying ns. In Figure 1, we plot the total spin
splitting calculated at the Fermi level as a function of wave-vector direction for ns = 1.1×1011 cm−2. Results obtained
within diﬀerent approximations are compared together with the ESR experimental data of Frolov et al. [5], for the
splitting along [11] and [11¯] directions . The best agreement is obtained with the complete model, i.e. including the
ﬁnite band oﬀset and the Dresselhaus cubic terms; indicating the importance of both barrier penetration and higher
order terms in these structures. In particular, the cubic Dresselhaus terms are seen to be responsible for a strong
reduction in the splitting along the [11¯] direction (45 degrees in the ﬁgure). A small sensitivity of the splitting with
respect to the most used values for the band-oﬀset is also observed.
In order to best test the present results with the available data, it is convenient to deﬁne α∗/β∗, determined from
the calculated (and/or measured) total splitting Δs along the perpendicular [11] and [11¯] in-plane directions. In the
linear approximation, they correspond to the directions with minimum and maximum splitting respectively, and one
has:
α∗ − β∗
α∗ + β∗
=
Δ
[11]
s
Δ
[11¯]
s
. (6)
In Table I, we compare both α∗/β∗ and α/β with diﬀerent experimental data. As indicated, the experimental data
correspond to α∗/β∗ and indeed are seen to agree well with the calculated values including the ns dependence. Instead,
the usual α/β parameter presents the opposite behavior and is numerically much less close to the data. We note large
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uncertainties in the experimental data, as in the ns = 1.1 case where the diﬀerent data diﬀer by a large amount. In
particular the large 7.6 result for α∗/β∗ corresponds to a sample with larger potential ﬂuctuations, and in view of the
deviations with respect to samples with larger densities might be aﬀected by other eﬀects. We can then conclude that
in GaAs/GaAlAs 2DEG systems the anisotropy of the spin-orbit interaction should be studied by looking at the total
splitting, rather than at the standard α/β parameter.
4. Conclusions
In summary, we have seen that the present variational theory for the Rashba eﬀect, with the Dresselhaus corrections
included perturbatively, is able to give a fair description of the spin-orbit anisotropy in GaAs 2DEGs. The correct way
to interpret the corresponding measurements has also been discussed, and the use of the standard α/β parameter
criticized. Good agreement with the experiment indicate that the model may be useful for spintronic applications.
Further tests with other III-V semiconductor structures are however needed to fully assess the limits of the present
model calculation.
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